Abstract. We introduce the concept of reflexivity for bounded n-linear maps and investigate the reflexivity of Z n (L 1 (G), X), the space of bounded ncocycles from L 1 (G) (n) into X, where L 1 (G) is the group algebra of a locally compact group G and X is a Banach L 1 (G)-bimodule. We show that Z n (L 1 (G), X) is reflexive for a large class of groups including groups with polynomial growth, IN-groups, maximally almost periodic groups, and totally disconnected groups. If, in addition, G is amenable and X is the dual of an essential Banach L 1 (G)-bimodule, then we show that Z 1 (L 1 (G), X) satisfies a stronger property, namely hyperreflexivity. This, in particular, implies that
The concept of reflexivity for linear subspaces of bounded operators on Banach spaces has its origin in operator theory. Let X be a Banach space, and let A ⊂ B(X) be an algebra of bounded operators on X. Let Lat A denote the set of the closed subspaces of X invariant under A; i.e. for every T ∈ A and I ∈ Lat A we have T (I) ⊂ I. We say that A is reflexive if A is the algebra generated by Lat A; i.e. every bounded operator satisfying T (I) ⊂ I for every I ∈ Lat A belongs to A. This concept is closely related to the well-known invariant subspaces problem: whether a bounded operator T ∈ B(X) has an invariant subspace.
In [10] , D. R. Larson generalized the concept of reflexivity, both algebraically and topologically, to subspaces of B(X, Y ) for Banach spaces X and Y . One motivation was to study the local behavior of derivations from a Banach algebra A to a Banach A-bimodule X. The main question that one asks is, for which algebras every so-called "local derivation" is a derivation, or equivalently, which algebras have algebraically reflexive derivation spaces? One can also ask the topological version of this question; i.e. when is the linear space of bounded derivations reflexive [10] ?
In the last two decades, the question of (algebraic) reflexivity of the derivation space has received considerable attention from various researchers, and some very interesting results have been obtained. In [9] , R. D. Kadison showed that bounded local derivations from a von Neumann algebra into any of its dual bimodules are derivations. Kadison's result was generalized later by showing that the space of bounded derivations from a C * -algebra into any of its modules is both algebraically and topologically reflexive ( [8] , [14] ). On the other hand, it was shown in [11] that every local derivation on B(X), for a Banach space X, is a derivation. For further results see [3] , [7] , [14] , [15] , and reference therein.
One important example of a Banach algebra in harmonic analysis is the group algebra L 1 (G) of a locally compact group G. In [14] , the author investigated the reflexivity of the derivation space Z 1 (L 1 (G), X) from L 1 (G) into a Banach L 1 (G)-bimodule X and show that it is reflexive if G is a SIN or a totally disconnected group [14, Theorem 8.8] . The main idea used there was to introduce the concept of bounded approximately local derivations and show that they have to be derivations. In [3, Corollary 5.3] , J. Alaminos, J. Extremera, and A. R. Villena showed that in the case where
) satisfied a stronger condition, namely hyperreflexivity. Their result depends on some nice and intriguing estimates they obtained in an earlier article [2] .
The purpose of this article is to investigate further the reflexivity properties related to L 1 (G). We take two directions: the reflexivity for higher cohomology and the hyperreflexivity of
It is natural to consider the reflexivity for subspaces of n-linear maps. In the context of Hochschild cohomology, an important subspace of bounded n-linear maps is the space of bounded n-cocycles. A weaker version of higher reflexivity was studied in [16] , where it was shown that, for a C * -algebra A and Banach A-bimodule X, local n-cocycles from A (n) to X are n-cocycle [16, Theorem 4.4] . We pose similar question with regard to bounded n-cocycles from L 1 (G) (n) . In Section 2, we formulate the definition for both algebraical and topological reflexivity of subspaces of bounded n-linear maps. We then recall the class of Banach algebras with property (B), which was introduced in [1] and shown to be useful in studying maps preserving zero products (Section 2.3). We show that we can characterize bounded n-cocycles for Banach algebras with property (B) provided that the algebra has sufficiently many "local identities".
In [1] , it is shown that L 1 (G) always has property (B). In Section 3, we combine their result together with our results in Section 2 and the structure of groups with polynomial growth to show that the space of bounded n-cocycles from L 1 (G)
into any Banach L 1 (G)-bimodule is reflexive provided that G has an open subgroup with polynomial growth. This class of groups also includes IN-groups, maximally almost periodic groups, and totally disconnected groups. Here we use the property of polynomial growth to show that L 1 (G) contains bounded approximate identities which are locally unital.
Section 4 is devoted to investigating the hyperreflexivity of Z 1 (L 1 (G), X). We first recall and/or generalize what we require from [3] and make some careful estimates. Then we again use the existence of locally unital bounded approximate identities in group algebras of groups with polynomial growth and show that Z 1 (L 1 (G), X) is hyperreflexive if G is an amenable group with an open subgroup of polynomial growth and X is the dual of an essential L 1 (G)-bimodule. In particular, we deduce that
Preliminaries
Let X and Y be Banach spaces. For n ∈ N, let X (n) be the Cartesian product of n copies of X, and let L n (X, Y ) and B n (X, Y ) be the spaces of n-linear maps and bounded n-linear maps from X (n) into Y , respectively.
Let A be a Banach algebra, and let X be a Banach
For each x ∈ X, the operator ad x ∈ B(A, X) defined by ad x (a) = ax − xa is a bounded derivation, called an inner derivation. Let Z 1 (A, X) and Z 1 (A, X) be the linear spaces of derivations and bounded derivations from A into X, respectively. For
We write δ n instead of δ n X when there is no fear of ambiguity. It is clear that δ
; these maps are the connecting maps. The elements of ker δ n are the n-cocycles; we denote this linear space by
in the above, we will have the 'Banach' version of the connecting maps; we denote them with the same notation δ n . In this case, δ n is a bounded linear map from B n (A, X) into B n+1 (A, X); these maps are the bounded connecting maps. The elements of ker δ n are the bounded n-cocycles; we denote this linear space by Z n (A, X) and imδ 
The convolution multiplication * on M (G) is defined by setting
We write δ s for the point mass at s ∈ G; the element δ e is the identity of M (G), and l 1 (G) is the subalgebra of M (G) generated by the point masses. Then M (G) is a unital Banach algebra and L 1 (G), the group algebra on G, is a closed ideal in 2. Approximately local n-cocycles 2.1. General construction. Let X and Y be Banach spaces, and let n ∈ N.
S(x) = {S(x) | S ∈ S}, and let [S(x)] be the norm-closure of S(x).
Put
. In order to investigate reflexivity of Z n (A, X) for a Banach algebra A and a Banach A-bimodule X, we need to introduce the concept of "approximately local n-cocycles". This is basically the generalization of [14, Definition 3.1] to the higher dimensions.
Definition 2.1. Let A be a Banach algebra, and let X be a Banach A-bimodule.
If, in addition, T is bounded, we say that T is a bounded approximately local n-cocycle.
It is clear that each element of ref[Z
] is a bounded approximately local n-cocycle, but the converse may not be true, since the n-cocycles Tã ,n considered above need not be bounded.
n-hyperlocal maps.
Let A be a Banach algebra, and let X be a Banach A-bimodule. We recall from [16 
For n = 1, 1-hyperlocal maps are simply called hyperlocal maps or hyperlocal operators.
It is easy to see that every (approximately local) n-cocycle is an n-hyperlocal map. We would like to know when the converse holds, i.e. what condition we should put on an n-hyperlocal map to force it to be an n-cocycle. The following proposition that is proven in [15] states some sufficient conditions for a bounded n-hyperlocal map to be an n-cocycle. This is critical for us to obtain our result. 
Let X be a unital Banach A-bimodule, let n ∈ N, and let T ∈ B n (A, X) be an n-hyperlocal map such that T (a 1 , . . . , a n ) = 0 if any one of a 1 , . . . , a n is 1. Then T is an n-cocycle. ) have been studied. What we require for our purpose is the connection between the property (B) for A and its unitization which we study in this section. We recall that the unitization of A is A := A ⊕ C with multiplication
Banach algebras with the property (B). We say that a Banach algebra
and norm (a, λ) = a + |λ| (a ∈ A, λ ∈ C). Thus A is a unital Banach algebra with unit (0, 1), which is denoted by 1 if there is no chance of ambiguity. Also A is a closed two-sided ideal of A with the codimension 1.
It is shown in [1, Proposition 2.5] that if A has the property (B) and A 2 = A, then so does A. The following theorem demonstrates the partial converse to the above statement. Our argument depends heavily on the existence of sufficiently many "local identities". This idea was successfully applied in [14] . Definition 2.3. Suppose that A is a Banach algebra and a ∈ A. We say that a has a left (right) identity in A if for some b ∈ A, ba = a (ab = a). We say that A is approximately locally unital if there are subsets A l and A r of A such that A is the closed linear span of both A l and A r and each element of A l and A r has a left identity and a right identity in A, respectively.
Theorem 2.4. Let A be an approximately locally unital Banach algebra with the property (B). Then A has also the property (B).
Proof. Let X be a Banach space, and let ϕ be a continuous bilinear map from A × A into X that satisfies the following condition:
By hypothesis,
Since A is approximately locally unital, there are subsets A l and A r of A such that A is the closed linear span of both A l and A r and each element of A l and A r has a left identity and a right identity in A, respectively. Now take b ∈ A l and e ∈ A with eb = b. Then (e − 1)bc = 0, and so, by the assumption on ϕ, for every a ∈ A , ϕ(ae − a, bc) = 0. Thus ϕ(ae, bc) = ϕ(a, bc). This, together with (2.1), shows that
Since A is the closed linear span of A l , 
The final result follows from the fact that A is the closed linear span of A r .
We are now ready to state the main result of this section. (ii) We can extend X to a Banach A -bimodule by defining 1x
for a 1 , . . . , a n ∈ A and λ 1 , . . . , λ n ∈ C. It is straightforward to check that T ∈ L n (A, X) is an n-cocycle if and only if σ(T ) is an n-cocycle. Now let T ∈ B n (A, X) be a bounded approximately local n-cocycle, and let (a 1 + λ 1 , . . . , a n + λ n ) ∈ A (n) . By the assumption on T , forã = (a 1 , . . . , a n ) ∈ A (n) , there is a sequence of n-
. . , a n + λ n ).
Hence σ(T ) is a bounded approximately local n-cocycle, and so it is a bounded n-hyperlocal map. Moreover, σ(T )(a 1 + λ 1 , . . . , a n + λ n ) = 0 if any one of a 1 , . . . , a n is 0. Thus, by part (i) and Proposition 2.2, σ(T ) is an n-cocycle. Therefore T is an n-cocycle.
Reflexivity of bounded n-cocycles from group algebras
In this section, we investigate bounded approximately local n-cocycles from the group algebra L 1 (G). To this end, the class of groups with polynomial growth plays an important role.
3.1. Groups with polynomial growth. A locally compact group G has polynomial growth if for every compact neighborhood U of the identity element in G, there exist C > 0 and n = n(U ) ∈ N such that, for all m ∈ N,
where λ is the left Haar measure on G and
It is immediate that compact groups are of polynomial growth. More generally, every locally compact group G with the property that the conjugacy class of every element in G is pre-compact has polynomial growth [ [5] and [12] ), as we briefly describe below.
Let G be a compactly generated locally compact group with polynomial growth. Then there exists a compact symmetric neighborhood U of the identity e in G, a constant C > 0, and
n } for x = e, τ (e) = 1. Now let α, β, and γ be positive real numbers satisfying 0 < α < β < 1 and 0 < α β < γ < 1.
and A γ to be the space of all periodic .2) 3.2. Reflexivity of bounded n-cocycles. The functional calculus for a compactly generated locally compact group G with polynomial growth is a powerful tool in studying its group algebra. For example, using this idea, it is shown in [6, Theorem 5.6 ] that L 1 (G) has the Wiener property. This was achieved by constructing a certain well-behaved bounded approximate identity for L 1 (G). In the following lemma, we expand the ideas in the proof of [6, Theorem 5.6] and use the existence of functional calculus for groups with polynomial growth to construct "locally unital" bounded approximate identities in their group algebras. We will use this fact crucially later on to obtain our main results.
Lemma 3.1. Let G be a locally compact group with an open subgroup which has polynomial growth. Then there are bounded approximate identities {ϕ
Proof. Let H be an open subgroup of G with polynomial growth. Let U be a compact neighborhood of the identity in H. Then the subgroup generated by U is an open, compactly generated subgroup of G with polynomial growth. Hence without loss of generality, we can assume that H is compactly generated. Now let α, β, and γ be positive real numbers satisfying (3.1). Let {e i } i∈I be a bounded approximate identity in L 1 (G) consisting of compactly supported continuous functions such that 
Hence we are done by putting
Finally if we let 
Proof. It follows from Lemma 3.1 that L 1 (G) is approximately locally unital. Also, by [1, Examples 1.3 and Theorem 2.11], L 1 (G) satisfies the property (B). Therefore the result follows from Theorem 2.5.
We finish this section with the following corollary, which provides various classes of groups satisfying the assumption of Theorem 3.2.
We recall that a locally compact group G is an IN-group if it has a compact neighborhood of identity which is invariant under all inner automorphisms of G. Also G is maximally almost periodic if finite-dimensional continuous unitary irreducible representations of G separate its point. Finally G is totally disconnected if the connected component of G is the identity e in G; i.e. the largest connected subset of G containing {e} is {e} itself. 
T (x) − S(x) .

It is clear that dist r (T, S) ≤ dist(T, S).
We say that S is hyperreflexive if there is C > 0 such that dist(T, S) ≤ Cdist r (T, S) for all T ∈ B(X, Y ). When the subspace S is a closed reflexive subspace of B(X, Y ), the hyperreflexivity of S has an equivalent reformulation in terms of norms. If we consider the quotient space B(X, Y )/S, then both dist(T, S) and dist r (T, S) define norms on B(X, Y )/S, the former being the natural quotient norm. Therefore S is hyperreflexive if and only if the norms dist(T, S) and dist r (T, S) are equivalent. By the inverse-mapping theorem, this happens if and only if dist r (T, S) is a complete norm.
In this section, we would like to investigate when
Let A be a Banach algebra, and let X be a Banach A-bimodule. For every bounded operator operator T : A → X, we can associate the following number introduced in [3, Section 4]:
The following lemma is proven in [3, Lemma 5.1] for the case where X = A. Our proof is the generalization of their proof and is presented here for the sake of completeness. 
Lemma 4.1. Let A be a Banach algebra, let X be a Banach A-bimodule, and let T ∈ B(A, X). Then
, and put 
In fact, in [3, Theorem 4.1], the relation (4.2) is only proven for the case where X = L 1 (G). However a careful examination of their argument shows that it also works when X is an essential or the dual of an essential Banach L 1 (G)-bimodule. Suppose that {e i } i∈I is any approximate identity for L 1 (G) bounded by 1. Then (4.2) implies that for every i ∈ I,
We claim that 
Thus (4.4) follows by letting i → ∞ in (4.3). On the other hand, if
But similar to the preceding case, lim i→∞ e i ye i = y for all y ∈ Y . Thus if y = 1, we have
Hence again (4.4) follows by the preceding equality and (4.3). Therefore in any case, (4.4) holds. Now let {ϕ i } and {ψ i } be the approximate identities bounded by N > 0 constructed in Lemma 3.1. Then, for every D ∈ Z 1 (L 1 (G), X),
and so,
Since ϕ i * ψ i = ψ i * ϕ i = ϕ i , it follows from (4.1), (4.4) , and the preceding inequality that
The final result follows from letting i → ∞.
We are now ready to prove the main result of this section, which states that under the assumption of Theorem 3.2, we can obtain hyperreflexivity for Z 1 (L 1 (G), X) if we further assume that G is amenable and X is the dual of an essential Banach L 1 (G)-bimodule. By replacing T n with T n +D n for some suitable D n ∈ Z 1 (L 1 (G), X), we can assume that T n < 1. Suppose that δ 
